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Problem 4.72

Consider a particle with charge q, mass m, and spin s, in a uniform magnetic field B0. The vector
potential can be chosen as

A = −1

2
r×B0.

(a) Verify that this vector potential produces a uniform magnetic field B0.

(b) Show that the Hamiltonian can be written

H =
p2

2m
+ q φ−B0 · (γo L+ γS) +

q2

8m

[
r2B2

0 − (r ·B0)
2
]
, (4.230)

where γo = q/2m is the gyromagnetic ratio for orbital motion. Note: The term linear in B0

makes it energetically favorable for the magnetic moments (orbital and spin) to align with
the magnetic field; this is the origin of paramagnetism in materials. The term quadratic
in B0 leads to the opposite effect: diamagnetism.75

[TYPO: Put a comma between “obvious” and “but.” Unbold the 0.]

Solution

Part (a)

The vector potential is defined by

B = ∇×A

= ∇×
(
−1

2
r×B0

)

=

 3∑
j=1

δj
∂

∂xj

×

[
−1

2

(
3∑

k=1

δkxk

)
×

(
3∑

l=1

δlB0l

)]

=

 3∑
j=1

δj
∂

∂xj

×

[
−1

2

3∑
k=1

3∑
l=1

(δk × δl)xkB0l

]

=

 3∑
j=1

δj
∂

∂xj

×

(
−1

2

3∑
k=1

3∑
l=1

3∑
n=1

εklnδnxkB0l

)

= −1

2

3∑
j=1

3∑
k=1

3∑
l=1

3∑
n=1

εkln(δj × δn)
∂

∂xj
(xkB0l).

75That’s not obvious but we’ll prove it in Chapter 7.
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Continue the simplification.

B = −1

2

3∑
j=1

3∑
k=1

3∑
l=1

3∑
n=1

3∑
o=1

εklnεjnoδo
∂

∂xj
(xkB0l)

= −1

2

3∑
j=1

3∑
k=1

3∑
l=1

3∑
n=1

3∑
o=1

εklnεojnδoB0l
∂xk
∂xj

= −1

2

3∑
j=1

3∑
k=1

3∑
l=1

3∑
o=1

(δkoδlj − δkjδlo)δoB0lδjk

= −1

2

3∑
k=1

3∑
l=1

3∑
o=1

(δkoδlk − δkkδlo)δoB0l

= −1

2

(
3∑

k=1

3∑
l=1

3∑
o=1

δkoδlkδoB0l −
3∑

k=1

3∑
l=1

3∑
o=1

δkkδloδoB0l

)

= −1

2

[
3∑

l=1

3∑
o=1

δloδoB0l −

(
3∑

k=1

δkk

)
3∑

l=1

3∑
o=1

δloδoB0l

]

= −1

2

(
3∑

l=1

δlB0l − 3

3∑
l=1

δlB0l

)

= −1

2

(
−2

3∑
l=1

δlB0l

)

=
3∑

l=1

δlB0l

= B0

A = −1
2r×B0 does indeed give a uniform magnetic field B = B0.
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Part (b)

The Hamiltonian for a particle of charge q and mass m in electromagnetic fields is given in Equation 4.188 on page 181. Add this to the
Hamiltonian for a particle with spin (Equation 4.157 on page 172) to obtain the total. Use the fact that the magnetic dipole moment is
proportional to spin angular momentum: µ = γS.

H =
1

2m
(p− qA)2 + qφ︸ ︷︷ ︸

energy associated with
charged moving particle

in EM fields

+ (−µ ·B)︸ ︷︷ ︸
energy associated with

torque on magnetic dipole
resulting from spin

=
1

2m
(p− qA)2 + qφ− (γS) ·B

=
1

2m
(p− qA) · (p− qA) + qφ− γS ·B

=
1

2m
(p · p− qp ·A− qA · p+ q2A ·A) + qφ− γB · S

=
p · p
2m

+ qφ− γB · S− q

2m
(p ·A+A · p) + q2

2m
A ·A

=
p2

2m
+ qφ− γB0 · S− q

2m

[
(−iℏ∇) ·

(
−1

2
r×B0

)
+

(
−1

2
r×B0

)
· (−iℏ∇)

]
+

q2

2m

[(
−1

2
r×B0

)
·
(
−1

2
r×B0

)]

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m
[(r×B0) · (r×B0)]

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m


 3∑

j=1

δjxj

×

(
3∑

k=1

δkB0k

) ·
[(

3∑
l=1

δlxl

)
×

(
3∑

n=1

δnB0n

)]
=

p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

 3∑
j=1

3∑
k=1

(δj × δk)xjB0k

 ·
[

3∑
l=1

3∑
n=1

(δl × δn)xlB0n

]

w
w
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Continue the simplification.

H =
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

 3∑
j=1

3∑
k=1

3∑
o=1

εjkoδoxjB0k

 ·
(

3∑
l=1

3∑
n=1

3∑
t=1

εlntδtxlB0n

)

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

3∑
j=1

3∑
k=1

3∑
l=1

3∑
n=1

3∑
o=1

3∑
t=1

εjkoεlnt(δo · δt)xjxlB0kB0n

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

3∑
j=1

3∑
k=1

3∑
l=1

3∑
n=1

3∑
o=1

3∑
t=1

εjkoεlntδotxjxlB0kB0n

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

3∑
j=1

3∑
k=1

3∑
l=1

3∑
n=1

3∑
o=1

εjkoεlnoxjxlB0kB0n

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

3∑
j=1

3∑
k=1

3∑
l=1

3∑
n=1

(δjlδkn − δjnδkl)xjxlB0kB0n

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

 3∑
j=1

3∑
k=1

3∑
l=1

3∑
n=1

δjlδknxjxlB0kB0n −
3∑

j=1

3∑
k=1

3∑
l=1

3∑
n=1

δjnδklxjxlB0kB0n



=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

 3∑
j=1

3∑
k=1

3∑
l=1

δjlxjxlB0kB0k −
3∑

j=1

3∑
k=1

3∑
l=1

δklxjxlB0kB0j



=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

 3∑
j=1

3∑
k=1

xjxjB0kB0k −
3∑

j=1

3∑
k=1

xjxkB0kB0j



w
w
w
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As a result,

H =
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m

 3∑
j=1

x2j

( 3∑
k=1

B2
0k

)
−

 3∑
j=1

xjB0j

( 3∑
k=1

xkB0k

)

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m
[r2B2

0 − (r ·B0)(r ·B0)]

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m
[r2B2

0 − (r ·B0)
2]. (1)

In order to simplify the term with nabla operators, let it act on a test function f .

[∇ · (r×B0) + (r×B0) ·∇]f = ∇ · (r×B0)f + (r×B0) ·∇f

=

 3∑
j=1

δj
∂

∂xj

 ·
[(

3∑
k=1

δkxk

)
×

(
3∑

l=1

δlB0l

)]
f +

[(
3∑

n=1

δnxn

)
×

(
3∑

o=1

δoB0o

)]
·
(

3∑
t=1

δt
∂

∂xt

)
f

=

 3∑
j=1

δj
∂

∂xj

 ·
[

3∑
k=1

3∑
l=1

(δk × δl)xkB0lf

]
+

[
3∑

n=1

3∑
o=1

(δn × δo)xnB0o

]
·
(

3∑
t=1

δt
∂f

∂xt

)

=

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

3∑
l=1

3∑
u=1

εkluδuxkB0lf

)
+

(
3∑

n=1

3∑
o=1

3∑
v=1

εnovδvxnB0o

)
·
(

3∑
t=1

δt
∂f

∂xt

)

=
3∑

j=1

3∑
k=1

3∑
l=1

3∑
u=1

εklu(δj · δu)
∂

∂xj
(xkB0lf) +

3∑
n=1

3∑
o=1

3∑
t=1

3∑
v=1

εnov(δv · δt)xnB0o
∂f

∂xt

=

3∑
j=1

3∑
k=1

3∑
l=1

3∑
u=1

εkluδju
∂

∂xj
(xkB0lf) +

3∑
n=1

3∑
o=1

3∑
t=1

3∑
v=1

εnovδvtxnB0o
∂f

∂xt

w
w
w
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Continue the simplification.

[∇ · (r×B0) + (r×B0) ·∇]f =
3∑

j=1

3∑
k=1

3∑
l=1

εklj
∂

∂xj
(xkB0lf) +

3∑
n=1

3∑
o=1

3∑
t=1

εnotxnB0o
∂f

∂xt

=
3∑

j=1

3∑
k=1

3∑
l=1

εjkl
∂

∂xj
(xkB0lf) +

3∑
t=1

3∑
n=1

3∑
o=1

εtnoxnB0o
∂f

∂xt

=
3∑

j=1

3∑
k=1

3∑
l=1

εjklB0l
∂

∂xj
(xkf) +

3∑
j=1

3∑
k=1

3∑
l=1

εjklxkB0l
∂f

∂xj

=
3∑

j=1

3∑
k=1

3∑
l=1

εjklB0l

[
∂

∂xj
(xkf) + xk

∂f

∂xj

]

=
3∑

j=1

3∑
k=1

3∑
l=1

εjklB0l

(
∂xk
∂xj

f + xk
∂f

∂xj
+ xk

∂f

∂xj

)

=
3∑

j=1

3∑
k=1

3∑
l=1

εjklB0l

(
δjkf + 2xk

∂f

∂xj

)

=
3∑

j=1

3∑
k=1

3∑
l=1

εjklB0lδjkf + 2
3∑

j=1

3∑
k=1

3∑
l=1

εjklB0lxk
∂f

∂xj

=

3∑
k=1

3∑
l=1

εkklB0lf + 2

3∑
j=1

3∑
k=1

3∑
l=1

(−εkjl)B0lxk
∂f

∂xj

=

3∑
k=1

3∑
l=1

(0)B0lf − 2

3∑
j=1

3∑
k=1

3∑
l=1

3∑
o=1

εkjlδolB0oxk
∂f

∂xj

= −2

3∑
j=1

3∑
k=1

3∑
l=1

3∑
o=1

εkjl(δo · δl)B0oxk
∂f

∂xj

= −2

(
3∑

o=1

δoB0o

)
·

 3∑
j=1

3∑
k=1

3∑
l=1

εkjlδlxk
∂f

∂xj



= −2

(
3∑

o=1

δoB0o

)
·

 3∑
j=1

3∑
k=1

(δk × δj)xk
∂f

∂xj
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Consequently,

[∇ · (r×B0) + (r×B0) ·∇]f = −2

(
3∑

o=1

δoB0o

)
·

 3∑
j=1

3∑
k=1

(δk × δj)xk
∂

∂xj

 f

= −2

(
3∑

o=1

δoB0o

)
·

( 3∑
k=1

δkxk

)
×

 3∑
j=1

δj
∂

∂xj

 f

= −2B0 · (r×∇)f,

which makes equation (1) become

H =
p2

2m
+ qφ− γB0 · S− iℏq

4m
[∇ · (r×B0) + (r×B0) ·∇] +

q2

8m
[r2B2

0 − (r ·B0)
2] (1)

=
p2

2m
+ qφ− γB0 · S− iℏq

4m
[−2B0 · (r×∇)] +

q2

8m
[r2B2

0 − (r ·B0)
2]

=
p2

2m
+ qφ− γB0 · S− q

2m
B0 · [r× (−ih∇)] +

q2

8m
[r2B2

0 − (r ·B0)
2]

=
p2

2m
+ qφ− γB0 · S− γoB0 · (r× p) +

q2

8m
[r2B2

0 − (r ·B0)
2]

=
p2

2m
+ qφ− γB0 · S− γoB0 · L+

q2

8m
[r2B2

0 − (r ·B0)
2]

=
p2

2m
+ qφ−B0 · (γS+ γoL) +

q2

8m
[r2B2

0 − (r ·B0)
2].

Therefore,

H =
p2

2m
+ qφ−B0 · (γoL+ γS) +

q2

8m
[r2B2

0 − (r ·B0)
2],

where γo = q/2m is the gyromagnetic ratio for orbital motion.

www.stemjock.com


